ABSTRACT. Let Pn be the normed linear space of all polynomials p of degree < n such that p(l) = 0 and ||p|| = (f |p(x)|2 dx)1/2. We determine sharp upper bounds for |on|/||p|| and |an_i|/||p|| as p(x) := X^n=oa"x" va"es m
According to a classical result of Chebyshev if pn(x) := Y12=o a^x^ is a polynomial of degree n, then (1) |on|<2n-1 max >"(x)|.
-i<i<i
It is also known [1] that ™ i/ 1-3-5 -(2n-i) (2n + l\l/2 ( rl . ' l2 , \1/2
(2) |on|<--f-\2~) y\Pn(x)\dx) ■
In (1) equality holds for the Chebyshev polynomial Tn(x) := cos n(arccos x) whereas in (2) it holds for the Legendre polynomial
It was shown by Schur [2, Theorem III*] that if pn vanishes at one of the endpoints -1 or 1, then (1) can be replaced by
Here we obtain the corresponding improvement in (2) . In fact, we prove THEOREM. If pn(x) := X)"=o avx" îs a polynomial of degree n such that pn(l) = 0, then
The inequality is sharp and equality holds for which proves (9). If 7" =s 1 and 7" = 0 for 1/ = 0,1,..., n -1, then 7 turns out to be equal to (2n + l)/(n + l)2 and (9) reduces to (H) 1/2 v=0 Similarly, choosing 7"_i = 1 and 7" = 0 iorv = 0,1,..., n -2, n, we obtain W> K-'i^ few') • <i>=0
Combining (11), (12) with (8) we readily obtain (4), (5) respectively. Both the inequalities (4), (5) are sharp and in each case the extremal polynomials are easily identified.
